We reveal a proximity effect between a topological band (Chern) insulator described by a Haldane model and spin-polarized Dirac particles of a graphene layer. Coupling weakly the two systems through a tunneling term in the bulk, the topological Chern insulator induces a gap and an opposite Chern number on the Dirac particles at half-filling resulting in a sign flip of the Berry curvature at one Dirac point. We study different aspects of the bulk-edge correspondence and present protocols to observe the evolution of the Berry curvature as well as two counter-propagating (protected) edge modes with different velocities. In the strong-coupling limit, the energy spectrum shows flat bands. Therefore we build a perturbation theory and address further the bulk-edge correspondence. We also show the occurrence of a topological insulating phase with Chern number one when only the lowest band is filled. We generalize the effect to Haldane bilayer systems with asymmetric Semenoff masses. We propose an alternative definition of the topological invariant on the Bloch sphere.
We reveal a proximity effect between a topological band (Chern) insulator described by a Haldane model and spin-polarized Dirac particles of a graphene layer. Coupling weakly the two systems through a tunneling term in the bulk, the topological Chern insulator induces a gap and an opposite Chern number on the Dirac particles at half-filling resulting in a sign flip of the Berry curvature at one Dirac point. We study different aspects of the bulk-edge correspondence and present protocols to observe the evolution of the Berry curvature as well as two counter-propagating (protected) edge modes with different velocities. In the strong-coupling limit, the energy spectrum shows flat bands. Therefore we build a perturbation theory and address further the bulk-edge correspondence. We also show the occurrence of a topological insulating phase with Chern number one when only the lowest band is filled. We generalize the effect to Haldane bilayer systems with asymmetric Semenoff masses. We propose an alternative definition of the topological invariant on the Bloch sphere.
Topological systems have attracted a considerable attention these last decades [1, 2] as they show robust gapless edge modes which are relevant for quantum information purposes [3] . The Haldane model [4] on the honeycomb lattice, which has been realized in ultra-cold atoms [5, 6] , graphene [7] , quantum materials [8] , and photonic topological systems [9] [10] [11] [12] [13] now appears as a paradigmatic model in the topological classification of Bloch energy bands. For spinless fermions, the bulk state is insulating at half-filling and characterized by a topological invariant, the first Chern number, while the edges of the system reveal a one-dimensional gapless chiral mode by analogy with the quantum Hall effect [14] [15] [16] [17] [18] [19] . Topological proximity effects induced by a topological band insulator [20] [21] [22] have also started to gain interest as a generalization of the proximity effect induced from a superconductor onto a metallic system [23, 24] . In this Letter, we study the proximity effect when tunnel coupling a Haldane model with a layer of graphene [25] [26] [27] . We assume spinless particles in both layers and the tunnel process couples the same sublattice in the two layers. Particle-hole processes at the interface open a gap as a result of pseudospin effects, inducing an inverse topological order in the graphene system when both layers are half-filled.
The Haldane model and graphene layers are described through the same pseudospin-1/2 representation in momentum space, as a result of the two sublattices of the honeycomb lattice [28] , allowing us to describe the proximity effect in the same torus representation of the first Brillouin zone and fiber bundle approach on the Bloch sphere. We address different geometries and protocols to describe the bulk-edge correspondence and the Berry curvatures [29] of Bloch bands which could be equivalently probed for fermions and bosons at the one-particle level. We draw an analogy with the Kane-Mele model [30] [31] [32] and with the quantum spin Hall effect [33, 34] , regarding the edge structure. We also suggest implementations in graphene bilayers, cold atoms and light systems.
We start our analysis with the Hamiltonian H = H g +H h +H r , where H g describes the graphene layer, H h the topological Haldane model, and H r the tunnel coupling between the layers with amplitude r. We emphasize here that we consider no displacement in the stack of the two layers. We use the definitions where t 1 means nearest-neighbor hopping element on the honeycomb lattice, t 2 second nearest neighbor tunneling element with the associated phases ±Φ for sublattices A and B [35] . In wave-vector space, the Hamiltonian takes the form H = dk/(2π 2 )H(k), where
with the pseudo-spin Pauli matrices σ acting in the Hilbert space of sublattice A and sublattice B of each layer g and h, respectively [28] . To make an analogy with two 1/2 spins in k-space, one could also choose to introduce two different sets of Pauli matrices σ 1 and σ 2 ; the results derived below can be simplified in notations through the introduction of one set of Pauli matrices. The magnetic fields:
The vectors a i and b i link nearest neighbors and next-nearest-neighbors on the honeycomb lattice [35] . Furthermore, h = −2t 2 cos Φ 3 i=1 cos(k · b i ) and I is the 2 × 2 identity matrix. Since we assume that the nearest-neighbor tunneling amplitudes are identical in both layers (for the simplicity of notations but without loss of generality),
, and initially for graphene (when r = 0) the magnetic field in k-space resides in the equatorial plane d g z (k) = 0. In the numerical calculations below, we fix the phase Φ = π/2.
Mapping the first Brillouin zone on a torus onto the sphere S 2 , the Haldane model at r = 0 is characterized by the normalized magnetic field
such that the Chern number associated with the two bands of the topological Haldane insulator can be defined as
with the relation between the Berry curvature and the solid angle on the sphere S 2 : Fig. 1 top left, we show the Berry curvature associated with the lowest energy band of the Haldane model, corresponding to the Chern number C h − = C 1 = +1. The Chern number of such spin-1/2 models on the sphere S 2 has been measured in circuit Quantum electrodynamics by applying a one-dimensional path on the Bloch sphere going from north to south poles [37] [38] [39] . The Berry curvature of the Haldane model has also been reconstructed in cold atoms [6] through momentum space density which is obtained from time of flight images,
, where f (k) corresponds to the broad envelope associated with the momentum distribution of the Wannier function [40] . To measure accurately the two angles, one can create a chemical potential offset between the two sub-lattices ∆ AB , which then acts in the quasi-momentum representation as a rotation (in k space), φ(k) → φ(k) + ∆ AB t/ where = h/(2π) is the (reduced) Planck constant [6, 40] . Topology of the Bloch bands can also be accessed through Wilson line measurements [41] and coupling with circularly polarized light [7, 42] .
The Chern number of the graphene system is equal to C g ± = C 2 = 0 in the absence of coupling with the topological layer, i.e., r = 0. One can still define a Berry phase [29] ±π associated with local pseudo-spin effects in k-space when linearizing the band structure around the two inequivalent Dirac points (see Fig. 1 ) [25] . To show how an effective d degrees of freedom of the Haldane model. Assuming that the r tunneling term couples mostly the same sublattice of the different layers (leading to H(k) in Eq. (1)) then the partition function of the graphene layer becomes:
describing an electron annihilation operator in the graphene layer, at sublattice A and B respectively, and an energy scale close to t 2 . At long time scales τ 1 or low energy compared to the Haldane gap we find that the proximity effect here results in the induction of a finite magnetic field in the graphene layer along the z direction. Such an effective term in the Hamiltonian agrees with second-order perturbation theory in the tunnel coupling r [21] , and appears independently of the statistics of particles or fields. It can also be seen as an analogue of an antiferromagnetic Ising term between two 1/2 spins in k-space.
We build an effective low-energy model close to the Dirac points of graphene (
3t 2 sin Φ where the proximity effect is more important at small r. The induced term ∼ −r 2 /(27t (4) where q corresponds to a small deviation from a Dirac point such that tan φ = q y /q x . The ± signs refer to FIG. 2. Band structures for t1 = 1 and t2 = 1/3 in the weak and strong-coupling limits for a cylinder geometry [1] ; the lattice spacing is a = 1. On the left, we zoom on the two lowenergy graphene bulk bands. In the green region of 60 unit cells, the total Chern number of the two lowest bands is zero and in the grey region (of 14 unit cells) the system is a Haldane model. We observe two counter-propagating edge modes with different velocities at zero energy until r ∼ t2. For very strong couplings, at zero energy, the counter-propagating edge modes are only linked to properties of the Haldane region.
positive energy and negative energy bands respectively meeting at the Dirac point; these two bands are related through φ ↔ φ + π. It is constructive to introduce the mass (gap) m = −r 2 /(27 sin 2 Φt In the Supplementary Material, we provide the forms of the eigenstates as a function of v F |q| and m [35] . We check that eigenstates converge to those of Eq. (4) in the limit |m| v F |q|, where v F = 3t 1 a/2 is the Fermi velocity and a the lattice spacing. The two Dirac points K and K are now related through a mass m → −m inversion corresponding to change φ → φ = −φ+π. The operation φ → −φ corresponds to change K in K and the additional π phase corresponds to invert the upper and lower bands. We find that the Berry phases at the two Dirac points become equal [35] 
The integration follows a closed path around a Dirac point. We numerically check [36] that a −π Berry phase occurs at both Dirac points of graphene (see Fig. 1 ), similarly to the Haldane model when t 2 t 1 . We also check that for the upper band of graphene, [35] ). This effective model could be perhaps realized in a bilayer graphene by applying circularly polarized light, then opening a Haldane gap in one layer [7] . If this gap is larger than the tunnel coupling, then one could re-write the effective tunnel coupling at the Dirac points justifying this low-energy model. Below, we shall address a generalized bilayer Haldane model which can be realized in cold atoms.
The Berry phases could be directly measured [6, 41] . Information on Berry phases could also be reconstructed from quantum Hall conductivity [18] quantum circular dichroism by shining with light [42] , scanning probe [43, 44] and Klein paradox [45, 46] measurements.
In the Haldane layer with t 2 ∼ t 1 , the pseudo-spin 1/2 is polarized close to the Dirac point, and the structure of the Berry curvature is strongly modified: its dominant contribution occurs close to the highly-symmetric M points now [35] . Results in the Haldane layer remain almost unchanged from r = 0 to r = 0.4 (see Fig. 1 ). Now, we study in more detail the edge properties. For two layers of equal size, for r = 0, we find the formation of a gap at the edges at half-filling, resulting from the hybridization of the zig-zag edge mode of graphenepresent at r = 0 -with the topological edge mode (see black edge modes in Fig. 2 left corresponding to the right boundary of the green cylinder). This is also consistent with the Kane-Mele model [47] , where the r coupling at the edges corresponds to a spin flip process which breaks the Z 2 symmetry and opens a gap similar to the effect of the Mott transition [48, 49] . To confirm that a chiral edge state has now appeared in the graphene layer at half-filling moving in opposite direction as the edge state in the Haldane layer, in agreement with (C h − −C g − ) = 2 in the bulk for r = 0 [50], we suggest to suppress smoothly the r tunnel coupling at the left edge. In the numerics, we check that for more than 10 unit cells in the grey region, results are stable: Fig. 2 then shows two counterpropagating edge modes with different velocities, due to the different gaps in the two layers, crossing the chemical potential at half-filling (or energy zero). One could build a slightly smaller layer and observe two counterpropagating edge modes, one in each layer.
To address the strong-coupling limit r (t 1 , t 2 ) analytically, we define the field operators ψ ± = 1/ √ 2(c gA ± c hA ) hybridizing the sublattices A of the two layers and χ ± = 1/ √ 2(c gB ± c hB ) hybridizing the sublattices B of the two layers. Similarly to the graphene layer in Eq. the Hamiltonian such that the Hamiltonian becomes
The energy spectrum shows two pairs of bands centered around ±r (see [35] ) and described by a Haldane model with an effective magnetic field in k space which is equivalent to (
The off-diagonal terms couple band pairs of different energy which do not affect the lowenergy theory. For the Haldane-graphene bilayer with
Berry curvatures of the two lowest bands for r t 2 are shown in Fig. 3 . In Fig. 2 , the two lowest "hybrid" bands are still described by a total Chern number zero and the bulk green region now behaves as the vacuum. In Fig. 2 , we now observe two counter-propagating edge modes with equal velocities at zero energy, when suppressing the tunnel coupling at one edge in the cylinder geometry (in the grey region). By making one layer slightly larger than the other, the two edges modes now entirely connect to the Haldane bulk bands of the grey region.
At quarter filling (implying that the particle density of the two layers satisfy (n g = n h = 1/4)) only the lowest band in Fig. 2 right should be filled, and the system reveals a topological phase with Chern number 1. The edge structure shows on average 1/2 particle in one layer moving together with 1/2 particle in the other layer.
We now address the situation of a Haldane model in each layer with d 1 = d 2 = d h which can be realized in ultra-cold atoms through a shaking protocol, then resulting in t 2 t 1 [35] . We predict an evolution from a phase with total Chern number C = 2 to a phase with total Chern number 0, when increasing r [35] . This demonstrates that the topological proximity effect subsists in the case of two coupled insulators [22] . We now discuss the effect of Semenoff masses M 1 and M 2 in the two layers [51] . This results in an additional term (
in Eq. (6) in the sub-space [ψ − , χ − ] and similarly for the sub-space [ψ + , χ + ]. For asymmetric masses, we find two transitions showing a jump of Berry phase at one Dirac point only, namely the K and then the K point, and the bands remain distinguishable in the intermediate C = 1 region (see Fig. 4 ) [35] . For M 1 = M 2 , a band touching effect occurs, then suppressing the C = 1 region [35] .
Below, we present an alternative description of the topological proximity effect on the Bloch sphere with polar angle θ(k) and azimuthal angle φ(k), defining the Haldane model at r = 0. From Stokes' theorem, for r = 0, we rewrite the Chern number of the different bands in the equatorial plane for an angle θ(k) = π/2, as
where |ψ
are eigenstates corresponding to the band j defined in the north (N) or south (S) hemisphere [35] . Going from north to south pole is equivalent to modify the vectors a i → −a i and b i → −b i in real space (if we fix k). This is also equivalent to change the role of sublattices A and B in each layer. We check that for the lowest energy band corresponding to the valence band of the Haldane model in weak coupling, then
The two lowest bands (and also the two upper energy bands) acquire opposite winding phases due to the relative phase fixing argument at the north pole when r = 0, i.e. C 2 = C g − = −1, encoding the mass inversion effects between bands. We justify the equivalence between Eqs. (2) and (7) in Ref. [35] .
To summarize, we have presented a proximity effect from a topological Chern insulator on a graphene layer. Particle-hole processes at the interface induce a gap in the graphene layer: the two lowest filled energy bands show inverse quantized Chern numbers +1 and −1. We have illustrated the bulk-edge correspondence in relation with the Kane-Mele model [30, 50] , and with general bulkedge correspondence in the ultra strong-coupling limit. The effective model built in k-space close to the Dirac points could be realized in graphene bilayers through circularly polarized light coupling to one layer more prominently [7] . We have generalized the Berry phase jump phenomenon to bilayer Haldane models. 
DEFINITIONS AND NOTATIONS
We give brief information on the definitions used in this work. The lattice vectors, see Fig. 5 , are given by
where we set the bond length to one. Furthermore, we denote nearest neighbor displacements by
The next nearest neighbour displacements in a basis of the a i are then expressed as b i = a j − a k , where (i, j, k) is a cyclic permutation of (1, 2, 3). However, note that using an a i basis does not yield a Hamiltonian in Bloch form. In practice, we therefore employ a basis given by the lattice vectors u i (which corresponds to a gauge transforming the Hamiltonian to the new basis) and define next nearest neighbour displacements b i accordingly in terms of the u i . Finally, the high symmetry Dirac points of the Brillouin zone are located at
and the lattice spacing is fixed to unity, in real space. The numerical figures of the Berry curvatures are obtained with the reconstruction of the Brillouin zone [36] , as in Fig. 5 . We observe a C 3 symmetry in the Berry curvature profiles of the Haldane layer, related to Fig. 1 in the Letter. The introduction of the flux Φ in the t 2 term leads to a breaking of the C 6 symmetry, and all M points are not equivalent.
BERRY PHASE SHIFT AND EIGENSTATES
Upon coupling the Haldane layer to the graphene layer with finite inter-layer hopping constant r, we showed that an effective diagonal term −r 2 /(27 sin
z is induced in the graphene layer, close to the Dirac points. In order to study the Berry phase shift of 2π that occurs in this scenario at one Dirac point, we investigate the low energy version of the effective graphene Hamiltonian in more detail. To this end, we first expand the term d h z (k) = −2t 2 sin (Φ) j sin (k · b j ) around K and K to first order for small q = (q x , q y ). We obtain
where the positive sign corresponds to K and the negative sign to K . We define ±r 2 √ 3/(9 sin Φt 2 ) ≡ ±m which has different signs at the two Dirac points.
Expanding the off-diagonal terms d g x (k) and d g y (k) around K and K respectively yields the corresponding low energy Hamiltonians
with v F = 3t 1 /2 the Fermi velocity. Remember that in the case of pure graphene (m = 0) diagonalization results the normalized eigenstates (in the Letter,
where iq x + q y = q · e iφq and q = |q|. Note that φ q → −φ q relates the Dirac points K and K for the same energy band (denoted + or −) as
A straightforward diagonlization of the matrices equation (12) yields the normalized eigenstates
where the corresponding energy eigenvalues are E ± (q) = ± v 2 F q 2 + m 2 . The wavefunctionsΨ −,K andΨ +,K are well defined in the limit q → 0. Crucially however,Ψ +,K andΨ −,K become singular as E ± (q) q→0 − −− → ±m. Hence, the wavefunctionΨ +,· has a singularity in K and the wavefunctioñ Ψ −,· has a singularity in K . The emergence of these singularities in the wavefunctions signals that the coupling to the Haldane layer induced some non-trivial topology in the graphene layer. Non-trivial topolgy arises when no global phase convention can be determined in the Brillouin zone causing the wavefunction to develop singularities [19] . However, the singularities can be avoided.
First, note that the wavefunctions equations (15) and (16) fulfill the following identities
Hence, contrary to equation (14) for pure graphene and in agreement with the reasoning in the Letter, substituting φ q → −φ q relates the wavefunction of the positive (negative) energy band at K with the wavefunction of the negative (positive) energy band at K . In line with this, we can conclude that in the pure graphene limit m → 0 we regain:
We now follow the method outlined in [19] and divide the Brillouin zone into two sectors S and S , where sector S contains K and sector S contains K . We focus on the negative energy band.Ψ −,· is well defined in S, but becomes singular in S . AsΨ −,K (φ q ) =Ψ +,K (−φ q ) we can identifyΨ +,K (−φ q ) as a well defined wavefunction in S of the negative energy band. This indicates that for K the positive and negative energy bands exchanged their nature upon coupling the graphene and Haldane layers. In fact, it is suggestive to redefine the wavefunctions as follows where the new wavefunction Ψ ±,· is valid in each respective sector and energy band
Writing these wavefunctions explicitly yields
This "patching" of wavefunctions in sectors is allowed as long as the wavefunctions are connected by a smooth gauge transformation at the boundary between the sectors [19] . Note that Ψ ±,· is of the same form in S and S . Therefore, the gauge transition function between S and S is the identity. This means that K and K have the same Berry phase. Thus, by imposing finite coupling r the wavefunction becomes singular in one sector. The singularity can be lifted upon exchanging positive and negative energy bands in this sector. Therefore, the Berry phase jumps by 2π at only one Dirac point. This proof gives another justification to equation (5) in the Letter.
TOPOLOGICAL INVARIANT AND EIGENSTATES' EVOLUTION
Here, we suggest a formulation of the topological invariant in the equatorial plane. We fix d 
The four eigenstates take the form (with energies E 1 < E 2 < E 3 < E 4 )
with energy
Now, we fix precisely the gauge between these different eigenstates by taking a path at fixed angle φ and going to the north pole where d x = d y = 0 and the coupled layers are described through the r coupling and the d h z field for the Haldane model. This is equivalent to go exactly to a Dirac point in the first Brillouin zone. We then find the four eigen-energies
The four associated eigenstates at the north pole take the form
These states could be redefined modulo a general global phase, but independent of φ which is not well defined at the north pole, In agreement with the path-integral argument in the Letter and the weak-coupling argument, in the limit of small r we find the four eigen-energies (and assume here d h z > 0):
The mass inversion phenomenon found when changing K into K occurs when going to the south pole, where
Decreasing progressively the angle θ from the north pole until d h z ∼ r, to build a precise correspondence between the |φ i states at the equator and the |φ i states from the north pole, then we identify precisely the dependence on r of the different eigen-energies. We then infer the following correspondence |1 ↔ |1 , |3 ↔ |2 , |2 ↔ |3 , |4 ↔ |4 for d h z ∼ r. We can now precisely fix the relative gauge (in terms of the φ variable) between different eigenstates in the equatorial plane in agreement with Eqs. (26) .
Then, we identify:
Applying the protocol of the Letter, then we can define equivalently eigenstates with angles defined at the south pole, by changing θ → π − θ and φ → −φ and by swapping the role of sublattice A and B in each layer (to match with the changes in the d x , d y and d h z fields), implying
The important point is that due to the identification between the states |φ 2 = |φ 3 and |φ 3 = |φ 2 , the bands 1 and 3 become defined by the same integer number
In a similar manner, we identify C 2 = C 4 = −1. This number defined on the circle in the equatorial plane then contains information on the topological nature of the different bands. It is important to notice that the transformation θ → π − θ is equivalent to change the d In the Letter, we define |φ j N = |ψ
To justify why C j can be identified as the topological Chern number of each band, now we apply the Stokes' theorem. Let us start with the limit r = 0. For the Haldane model, one can decompose the sphere onto two hemispheres (north and south), and due to different orientations of surfaces on the two hemispheres, then write the Chern number of the upper Haldane band as
with the Berry connections A N = A(φ, θ) and A S = A(−φ, π − θ), and n is a vector defining the surface of the north hemisphere. Applying the Stokes' theorem, then we also identify
We identify for this band, with the gauge fixing arguments at the north pole in Eq. (26) for the state |φ 4 , A(φ, θ = π/2) = −1/2 and A(−φ, θ = π/2)) = +1/2. More precisely, for the upper band of the Haldane model at r = 0
The key point now is that for r = 0, the north pole argument of Eq. (27) encodes the occurrence of the topological proximity effect, therefore one can now apply the Stokes' theorem for both bands, graphene and Haldane bands. The graphene bands show a mass inversion compared to those of the Haldane bands which is then equivalent to invert the definitions of the orientation of the surface for the graphene layer compared to the Haldane layer, n → −n, then leading to C 3 = +1 = C g + from Stokes' theorem. To summarize, for r = 0, we then conclude that C i is equivalent to the Chern number of a band as a result of the Stokes' theorem since d For completeness, we show the evolution of the energy eigenstates as a function of r. One identifies clearly the passage from the weak-coupling limit (r < t 2 ) where the low-energy physics occurs at the Dirac points of graphene to the strong-coupling limit (r t 2 ) giving rise to (almost) flat bands. 
REALIZATIONS AND PREDICTIONS

Floquet protocol in optical lattices
In optical lattices, one can apply a time-dependent force F(t) = −mr lat (t) corresponding to a periodic shaking protocol of the lattice. The Hamiltonian then becomes transformed into
Here, c i corresponds to an atom at site i with mass m on a honeycomb optical lattice and H 0 corresponds to the Hamiltonian of graphene with nearest-neighbor tunneling coupling. The additional momentum can be absorbed by going to the reference frame −q lat = −mṙ lat (t). In this frame, the tight-binding Hamiltonian corresponding to nearest-neighbor tunneling becomes modified as
In the case of a periodically driven system, where H lat and therefore r lat (T ) are periodic functions in time, one can then apply the Floquet theory, where an effective Hamiltonian is obtained from the unitary time-evolution operator U (T, 0) over one period T of driving, such that
Using the shaking procedure for the honeycomb optical lattice, one can then realize an effective Hamiltonian in the wave-vector space [6] 
acting on the Hilbert space of sublattices A and B. The offset M between A and B sites corresponds to the Semenoff mass [51] . The hopping term t AB contributes to the nearest-neighbor graphene term t 1 , whereas t AA and t BB generate the t 2 terms in the Haldane model. To realize the topological phase of the Haldane model, the key point is to use phase factors in the time-modulation of the lattice such that t AA = −t BB and t AA = |t 2 |e iΦ , where the phase Φ corresponds to the phase introduced in Eq. (1) of the Letter.
The goal is to build, for instance, two graphene optical lattices. Then, one could apply the same time-dependent force or Floquet modulation on the two layers, as described above, to implement the same parameters t 1 and t 2 in the two layers. In the next step, laser assisted tunneling generates the coupling of atoms of one layer to those of the other layer, such that the r tunnel coupling would couple sublattices A of the two layers on the one hand and sublattices B of the two layers on the other hand. Another possibility would be to use one optical lattice and two species (of synthetic dimensions). We show below how to realize the phase diagram of Fig. 4 in the Letter, through two different off-set conditions M 1 and M 2 in the two layers.
Because the lattice shaking will act globally on both layers, the Haldane layer and the graphene layer have to be distinguished by the offset M in the static system before shaking. Using the different resonance condition, one can then engineer one layer in the C=1 regime and the other layer in the C=0 regime. A true graphene layer with zero offset in the Floquet system can only be approximated with circular shaking. The layer-dependent offset could be realized by using an artificial dimension in the direction of the layer, i.e. by realizing the layers as two internal Zeeman states. Using spin dependent lattice [26] , the two layers will naturally have different offsets, possibly even of different sign. Extending state tomography schemes to such a system would yield separate signals for the two layer, when adding a Stern-Gerlach separation during the time-of-flight expansion.
Specific Implementations with Ultra-cold atoms
To observe the jump of Berry phase as described in Fig. 4 of the Letter, we suggest to start with two different off-sets M 1 and M 2 in the two Haldane layers. In both layers, one starts with M 1 and M 2 smaller than |d z (k ∼ ±K)| = 3 √ 3t 2 sin Φ. In the absence of coupling between the two layers, then the two lowest Bloch bands are described by a Chern number +1, producing a phase with total Chern number C = 2. We start with both layers in the topological phase of the Haldane model.
Assuming unequal masses M 1 and M 2 , we observe two phase transitions by switching on the coupling parameter r. At the two transitions, we report a jump of Berry phase at one Dirac point only by analogy to the situation of the Haldane-graphene layers' situation at small r. If we start with M 2 > M 1 (as in Fig. 7) , the gap for the bands 2 at the K point is (much) smaller than the gap separating the upper and lower bands 4 and 1 and therefore second-order processes or particle-hole pair virtual processes through these bands can still affect the gap of band 2, which then explains the gap closing at the K point at the first transition. We qualitatively predict by reproducing the arguments of Eq. We check numerically that this equation reproduces the features of the first transition line. At large r, the total Chern number of the two lowest bands must be zero in agreement with the theory (page 4 of the Letter). We show the band structure and Berry curvature evolve as a function of r, in particular for the intermediate region with C = 1, where the gap at the K point progressively diminishes whereas the gap at the K point now stays finite. When the gap closes at the K point, then we again observe a sign change of the Berry curvature at this point, then producing the entrance towards the C = 0 phase. Essentially, to enter the C = 0 phase, the band 2 must flip its Chern number to C 2 = −1 then closing the gap at the K point.
For equal masses M 1 = M 2 , a band crossing effect occurs in the intermediate region for r ∼ 0.9, therefore the total Chern number of the two lowest bands progressively change from C = 2 to C = 0, as described in the figure below. The two phase transitions then do not occur for this case, and there is a band inversion between band 2 and band 3 when r = 3t 1 for t 2 = 1/3. But, as soon as M 1 = M 2 , the system tends to restore the C = 1 region as well as the two transitions associated with the changes in the Berry curvatures at the Dirac points.
We shall mention that band crossing effects also occur in the graphene-Haldane model in the intermediate window r ∼ 1 − 3t 1 , but the total Chern number of the two lowest bands remain equal to zero for all values of r, in agreement with numerical results and strong-coupling arguments. 
